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1 Interactive proof systems

We can see NP as the interaction between an unbounded Prover, who provides an untrusted
proof/witness to a polynomially bounded Verifier. The requirements that we have seen are that for
positive instances, there is a witness that the Prover can provide that makes the Verifier accept,
while for negative instances, all possible witnesses make the verifier reject.

Introduced independently by Goldwasser, Micali, and Rackoff, and Babai in the 1980s, Interac-
tive Proof Systems (IP) generalize the concept of NP by allowing interaction between the Prover
and the Verifier, as depicted in Figure 1.
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Figure 1: Interaction between the Prover and the Verifier

Definition 1 (Interactive Proof System (IP)). An Interactive Proof System (IP) for a language
L is a protocol between two parties: a verifier V and a prover P . The verifier V is a probabilistic
polynomial-time machine, while the prover P is computationally unbounded. The protocol satisfies
the following properties:

• Completeness: For any input x ∈ L, there exists a prover P such that the interaction
between V and P on input x results in V accepting with probability at least 2

3 :

Pr[(V ↔ P )(x) = 1] ≥ 2

3

• Soundness: For any input x /∈ L, and for any prover strategy P ∗ (possibly dishonest), the
interaction between V and P ∗ on input x results in V accepting with probability at most 1

3 :

Pr[(V ↔ P ∗)(x) = 1] ≤ 1

3

Definition 2. The class IP is the set of all languages L that have an interactive proof system as
defined above.

Let us see an example of a problem that is not known to be in NP, but it is in IP.
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Theorem 1. The problem of Graph Non-Isomorphism is in IP. Specifically, there exists an inter-
active proof system for the language:

GNI = {(G0, G1) | G0 and G1 are not isomorphic graphs}.

Proof. We describe the interactive proof system between a polynomial-time verifier V and an un-
bounded prover P .

1. Input: Two graphs G0 and G1 with n vertices each.

2. Verifier’s Challenge: The Verifier picks a random permutation π and a random bit b and
sends π(Gb) to the Prover.

3. Prover’s Response: The prover P responds with the guess b′.

4. Verifier’s Check: The verifier V accepts iff b = b′

If G0 and G1 are not isomorphic, the prover can always respond correctly to the verifier’s
challenge.

If G0 and G1 are isomorphic, the distributions {π(G0)}π and {π(G1)}π are identical, so the
prover will always fail with probability at least 1

2 .

A landmark result in this field is the proof that IP equals PSPACE.

Theorem 2 ([8, 6]). IP = PSPACE.

Proof. IP ⊆ PSPACE is straightforward: in PSPACE we can enumerate all strategies from the provers
and compute the maximal acceptance probability.

PSPACE ⊆ IP is much harder and it goes via algebraization of PSPACE-complete problems and
the sum-check protocol.

2 Introduction

Quantum Interactive Proofs (QIP) generalize classical interactive proof systems by allowing quan-
tum messages between a prover and a verifier.

Here, it is simpler to design the interaction between the Prover and the Verifier as a quantum
circuit. We have three quantum registers, the Prover’s private register, which can be of unbounded
size, and the message and Verifier’s private registers, which consist of polynomially many qubits.
The Prover and the Verifier then alternate applying their operations: the Prover applies their
unitaries on their private register and the message register, and the Verifier applies their unitary
on their private register and the message register. After the interaction, the Verifier measures the
output qubit and decides to accept or reject. We depict a protocol with 3 messages in Figure 2.

P1 P2

|0⟩⊗m(n)

V1 V2

|0⟩⊗p(n)

Figure 2: Example of a QIP protocol with 3 rounds of communication
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Notice that the Verifier is the party that applies their operation at the end of the protocol. So
if the protocol has an even number of messages, the Verifier starts, and if the protocol has an odd
number of messages, the Prover starts.

Definition 3. A problem L is in QIP if there exists a polynomial-time quantum verifier V that
interacts with the quantum prover such that:

• For x ∈ L, there exists a quantum prover strategy that makes V accept with probability ≥ 2
3 .

• For x ̸∈ L, every prover strategy makes V accept with probability ≤ 1
3 .

One of the most striking properties of QIP is its ability to be parallelized into a 3-message
protocol. This is in contrast to classical IP, where parallelization is not generally possible without
increasing the number of messages.

Theorem 3 ([5]). QIP = QIP(3).

This characterization allows us to show that actually quantum interactive proof systems have
the same computational power as classical ones (without considering the number of rounds). In
particular, it can be shown that

Theorem 4 ([3]). QIP= PSPACE.

Proof. The proof goes via showing that QIP has actually a highly structured QIP(3) protocol:

1. The prover sends a quantum state.

2. The verifier answers back with a classical random bit.

3. The prover answers back with a quantum state.

This is called a QMAM protocol. The idea of this reduction is rather simple. We start from a
QIP(3) protocol (such as Figure 2) that is complete and sound. We can design a QMAM as follows:

1. The prover sends the Verifier’s private register in the QIP(3) protocol after the operation V1
(notice that this state depends on the Prover’s first message)

2. The verifier sends a random bit b to the prover:

(a) If b = 0, the prover sends the message register of the QIP(3) protocol before the operation

P2. The verifier then applies V †
1 and accepts iff their private register is |0⟩⊗p(n).

(b) If b = 1, the prover is supposed to send the message register of the QIP(3) protocol after
the operation P2. The verifier then applies V2 and accepts iff the output qubit is |1⟩.

If the original QIP(3) protocol was complete, it is not hard to see that the new QMAM protocol is
too. One can also show that the same holds for soundness.

Then, it was shown in [3] that the maximal acceptance probability of a QMAM protocol can be
solved by a semi-definite program, which is a generalization of linear programs, that can be solved
in polynomial space.
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2.1 Multiple provers

2.2 Classical

In classical complexity theory, the notion of interactive proof systems has been considered in the
model where we have multiple provers. In this setting, the provers share an strategy, but after
the protocol begins, the provers are not allowed to communicate. We depict an MIP protocol in
Figure 3.

V

λ

P1 P2

0/1

Figure 3: Example of a one round MIP protocol with two provers, who share a classical string λ.

Definition 4 (Multi-Prover Interactive Proof System (MIP)). A language L belongs to the class
MIP if there exists such a multi-prover interactive proof systems satisfying:

• Completeness: if x ∈ L, then there exist prover strategies such that

Pr[V accepts x] = 1,

• Soundness: if x /∈ L, then for any prover strategies,

Pr[V accepts x] ≤ 1

3
.

One interesting property of having multiple provers is that you can use one of the provers to cross-
check the answers of the second prover. This enables, for example, to reduce the communication
for proof verification.

Theorem 5. NP has an MIP protocol with O(log(n)) bits of communication with completeness 1
and soundness 1− 1

poly(n) .

Proof. Let φ be a 3CNF formula with variables x1, . . . , xn and clauses C1, . . . , Cm, where each clause
contains exactly three literals.

The verifier interacts with two non-communicating provers P1 and P2.

1. The verifier samples uniformly at random a clause Cj and then selects uniformly at random
one variable xi appearing in Cj .

2. The verifier sends j to prover P1 and i to prover P2.

3. Prover P1 responds with an assignment to the three variables appearing in clause Cj .

4. Prover P2 responds with an assignment to the variable xi.
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5. The verifier accepts if and only if:

• the assignment provided by P1 satisfies clause Cj , and

• the value assigned to xi by P1 agrees with the value provided by P2.

As usual, proving the completeness of the protocol is straightforward. One can show that the
soundness of the protocol is 1− 1

poly(n) .

A surprising characterization of MIP is that it is actually equal to NEXP, the exponential version
of NP.

Theorem 6 ([1]). MIP= NEXP.

The proof of this theorem created many techniques that have several applications in com-
plexity theory (and even in general computer science) such as the low-degree testing, locally
testable/decodable codes, oracularization.

Moreover, since the proposed MIP protocol for NEXP has only two provers and one round of
communication, it shows that the simple structure defined in Figure 3 has the same computational
power as any protocol in MIP.

2.3 Quantum protocols

In the quantum setting, we consider MIP protocols where the provers share a quantum state, but the
verifier is classical (thus the communication between the verifier and the provers is also classical).
There is an alternative extension of MIP to the quantum setting called QMIP where the verifier
and the communication could be quantum. We won’t get into details here, but we know that
QMIP = MIP∗ so we will stick to the simpler notion. We depict an MIP∗ protocol in Figure 4.

V

|ψ⟩AB

P1 P2

0/1

Figure 4: Example of a one round MIP∗ protocol with two provers, who share the quantum state
|ψ⟩.

Definition 5 (Multi-Prover Interactive Proof System with Entanglement (MIP∗)). A Multi-Prover
Interactive Proof system with entanglement (MIP∗) is a multi-prover interactive protocol between a
probabilistic polynomial-time verifier V and a set of 2 provers P1 and P2 who may share an arbitrary
prior quantum entangled state but are not allowed to communicate during the protocol.

The verifier exchanges classical messages with the provers for a polynomial number of rounds
and decides whether to accept or reject an input x.

A language L belongs to the class MIP∗ if there exists such a protocol satisfying:

• Completeness: if x ∈ L, then there exist entangled prover strategies such that

Pr[V accepts x] = 1,
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• Soundness: if x /∈ L, then for any entangled prover strategies,

Pr[V accepts x] ≤ 1

3
.

First of all, it is not even trivial that MIP
?
⊆ MIP∗: since the provers have more power, it could

be the case the malicious provers have too much power and proving soundness would be impossible.
It was first shown by [2] that this is not actually the case, and indeed MIP ⊆ MIP∗. The idea of
this proof is to show that the MIP protocol for NEXP is sound even if the provers share quantum
strategies. This proof was first shown with three provers, where the third prover was introduced to
break entanglement. Later results showed that this proof actually works with only two provers.

For a long time, it was an open question on what is the exact computational power of MIP∗.
We now know it, but before seeing some details, we will make a detour into self-testing.

2.4 Detour on non-local games and self-testing

Definition 6 (Non-Local Game). A game G is a one-round interaction between a verifier and 2
non-communicating players Alice and Bob, who may share prior resources.

The verifier samples a tuple of questions (x, y) from a known probability distribution µ and sends
x to Alice and y to Bob, who answer with a and b, respectively.

The players win the game if the predicate

V (x, y, a, b) = 1.

evaluates to 1.
We denote the classical value of the game ω(G) as the maximum acceptance probability among

all strategies where Alice and Bob share classical resources. The quantum value of the game ω∗(G)
is the maximum acceptance probability among all strategies where Alice and Bob share a quantum
state. A game G is said to be non-local if ω∗(G) > ω(G).

Definition 7 (CHSH Game). The CHSH game is a two-player non-local game defined as follows:

• The verifier samples questions x, y ∈ {0, 1} uniformly at random and sends x to Alice and y
to Bob.

• Alice outputs an answer a ∈ {0, 1} and Bob outputs an answer b ∈ {0, 1}.

• The players win if
a⊕ b = x ∧ y,

where ⊕ denotes addition modulo 2.

Lemma 1. The maximum winning probability is 3/4 for classical strategies and

cos2
(π
8

)
≈ 0.854

for quantum (entangled) strategies.

The non-locality of a game allows us to certify that the players’ correlations cannot be explained
classically. This was used to “prove” that we need to extend classical Physics to explain experiments.
But actually, we can go one step further: some games not only allow us to show that parties are
not classical, but they also allow us to characterize their strategies. This is called self-testing. For
example, we have the following:
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Lemma 2. Let (|EPR⟩ , {Ax}x, {By}) be the textbook strategy that wins the CHSH game with
probability cos2

(
π
8

)
. Suppose that Alice and Bob share a strategy (|ψ⟩AB , {Mx}x, {Ny}), where

|ψ⟩ ∈ HA ⊗HB for the CHSH that has success probability at least cos2
(
π
8

)
− ε. Then there exist a

state |garb⟩A′B′ ∈ HA′ ⊗HB′ and isometries VD : HD → C2 ⊗HD′, for D ∈ {A,B}, such that∥∥(VA ⊗ VB) |ψ⟩AB − |EPR⟩A′B′ |garb⟩A′B′

∥∥2 = O(
√
ε). (1)

Moreover

Ex∈{0,1}
∥∥(Nx − V †

A(Ax ⊗ I)VA
)
⊗ IB |ψ⟩

∥∥2 = O(
√
ε), (2)

and similarly to B.

This notion of self-testing has been extended to multiple games with more desired properties:

• Magic-square game: A non-local game that achieves quantum value 1 and classical value
7
8 , and allows us to self-test two EPR pairs.

• Parallel repetition of CHSH/Magic square: Allows us to self-test n EPR pairs. However,
the error in the analog of equations Equations (1) and (2) in this case scales as O(poly(n, ε)).
Thus, ε must be 1

poly(n) for the bound to be non-trivial.

• Pauli Braiding test: A new non-local game that allows the self-testing of n EPR pairs but
with robust self-testing, i.e., the error in the analog of equations Equations (1) and (2) in this
case scales as O(poly(ε)). However, this game has polynomial communication between the
parties.

• Quantum low-degree testing: A non-local game that allows robust self-testing of n EPR
pairs with polylog(n) communication between the parties.

3 Complexity of MIP∗

Using the quantum low-degree testing, [7] showed that actually NEEXP ⊆ MIP∗, where NEEXP is
the doubly exponential version of NP. Notice that this already shows that MIP ⊊ MIP∗, since we
know that NEXP ⊊ NEEXP.

This was proven using a beautiful idea called introspection. The rough sketch of the idea is the
following:

1. With probability 1
2 , run the quantum low-degree testing with poly(n) to self-test 2O(n) EPR

pairs with poly(n) communication.

2. With probability 1
2 , ask questions that are locally indistinguishable from the quantum low-

degree testing, but actually samples from the correct distribution of the scaled up game from
NEXP ⊆ MIP.

3. If the provers could answer with exponentially many bits, we would be done. But then we
need to use some fancy PCP machinery to reduce the output to constant.

Unfortunately, the game presented in [7] can not be repeated more times, and their final result
is:

Theorem 7 ([7]). NEEXP ⊆ MIP∗.

However, a similar game from [4] with a very careful analysis, allowed them to recurse the
introspection idea and the final result is that:

Theorem 8 ([4] ). MIP∗ = RE, i.e., the Halting problem is MIP∗-complete.
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